The propagation of light through samples with random inhomogeneities can be described by way of transmission eigenchannels, which connect incoming and outgoing external propagating modes. Although the detailed structure of a disordered sample can generally not be fully specified, these transmission eigenchannels can nonetheless be successfully controlled and utilized for focusing and imaging light through random media. Here we demonstrate that in deeply localized quasi-1D systems, the single dominant transmission eigenchannel is formed by an individual Anderson localized mode or by a "necklace state". In this single-channel regime, the disordered sample can be treated as an effective 1D system with a renormalized localization length, coupled through all the external modes to its surroundings. Using statistical criteria of the single-channel regime and pulsed excitations of the disordered samples allows us to identify long-lived localized modes and short-lived necklace states at long and short time delays, respectively.
propagated through 2D localized slabs [19] . In quasi-1D diffusive samples the transmitted field was found to be a random admixture of many transmission eigenchannels, whereas in localized systems transmission was generally dominated by a single eigenchannel.
While the transmission eigenchannels are convenient for describing transport through random media, one would like to know how these channels are formed in a given random sample. This information is contained, in principle, in the relation between the transmission eigenvalues τ n and the transmission matrix t = u · diag(τ n ) · v [20] . The unitary N × N matrices u and v define here the transmission eigenchannels between linear combinations of the incoming and outgoing external modes of the system. This definition, however, implicitly includes the details of the contacts to the asymptotic regions. An alternative way to determine the transmission eigenchannels, which is both less arbitrary and more insightful, is to refer to the internal modes in a random medium. These internal modes are characterized by the Thouless number [21, 22] , δ ≡ δν/∆ν, where δν is the typical spectral width of the modes in the medium and ∆ν is the average spacing between neighboring modes.
The Thouless number δ is thus a measure of the degree of spectral mode overlap, with the diffusive and the localized regime being hallmarked by overlapping modes (δ > 1) and wellresolved modes (δ < 1), respectively. In the localized regime, where at a given frequency just a single or a few internal modes participate in the transport process, it has recently been shown experimentally that the transmission spectrum of a disordered medium can be fully characterized by such internal modes [23] .
The fact, that in the localize regime the dominance of only a single or a few internal modes concurs with the dominance of a single transmission eigenchannel, suggests that some deeper relation between these complementary pictures of transport exists. Indeed, recent numerical work showed that internal modes and transmission eigenchannels displayed strong correlations with each other [19] . Here, we make an important step further and uncover a direct link between modes and channels. To reveal this link unambiguously, we probe into the deeply localized limit where just a single transmission eigenchannel dominates. In this experimentally and numerically challenging limit, we demonstrate that the dominant transmission eigenchannel is formed by an individual localized mode or by a unique superposition of localized modes giving rise to a so-called "necklace state [24, 25] . To establish this connection between the eigenchannel and mode pictures of transport, we investigate random quasi-1D samples with a length L that is significantly larger than the localization length ξ. The numerical and experimental results which we obtain in this deeply localized limit allow us to identify both the characteristic signatures of the single-channel regime as well as its connection to the internal modes of the disordered sample.
Results
Crossover to the single-channel regime. In a scattering experiment with light or microwaves, a monochromatic wave is typically incident in a given direction and the transmitted wave can be detected in any direction, so that the individual elements of the transmission matrix, t ab , (between incident and outgoing modes a and b, respectively) can be measured directly for a given sample. From these matrix elements t ab , the following three types of transmittances can be computed,
The transmittance T ab , for a given incident mode a and outgoing mode b, gives rise to a speckle pattern in the transmitted intensity. The transmittance T a is the total transmission (for the incident mode a), and thus represents the apparent brightness of the speckle pattern.
The transmittance T is the classical analogue of the dimensionless conductance g [26, 27] .
In the single-channel regime, these key transmittances are all essentially determined by the largest transmission eigenvalue τ 1 . Using again the above decomposition
, and T = τ 1 . From the expression for T ab , one can see that in a given random sample (with a given τ 1 ) the speckle pattern of transmitted intensity is literally frozen. Altering the incident wave has little or no effect on the positions and relative intensities of speckles, affecting only the apparent brightness of the speckle pattern [23] . This is in striking contrast to the diffusive regime, in which a minor change in the incident wave leads to a very different speckle pattern [28] .
To express this difference in statistical terms, we switch to the normalized transmission coefficients, s ab = T ab / T ab , s a = T a / T a , and s = T / T , where . . . represents the average over an ensemble of random sample configurations. From the expressions for T ab , T a and T in the single-channel regime, and from negative exponential statistics of |u a1 | 2 and |v 1b | 2 [8] ,
, one can derive the relations between the statistical moments of the normalized transmittances, s n ab = n! s n a = (n!) 2 s n . As a result, the fluctuations of the normalized intensity are four times larger than those of the normalized transmittance, s 2 ab / s 2 = 4. In the following, we use exactly this statistical ratio, R = s ab / s 2 , to chart the crossover from the diffusive to the single-channel regime [30] .
In our experiment, we employ a microwave setup (see Methods) to leading order in L/ξ, R = 2 + 4L/3ξ, is also plotted in Fig. 1 (black dotted line). The excessive data variation observed at L/ξ ≥ 2.5 is caused by a low signal-to-noise ratio, which is due to the increasing effect of absorption.
To further demonstrate the universality of the crossover to the single-channel regime, we numerically study wave scattering through planar disordered waveguides attached on the left and right to clean semi-infinite leads (see Methods). We model the disorder by randomly placing nonabsorbing dielectric scatterers into the middle portion of a waveguide of width W and length L = 5W . The width W is chosen such that there are N = 15 channels in the leads at the frequency of interest. We solve the scattering problem for waves incident from the left lead using the advanced Modular Recursive Green's function method [32, 33] , which is based on a finite-difference approximation of the scalar Helmholtz equation.
To emulate the crossover to the single-channel regime, calculations of the full transmission matrix t are carried out for ensembles of 2,000 random waveguide realizations at eight different system lengths (at a single scattering frequency). After the localization length ξ = 1.52W is obtained from fitting the slope of the logarithmic transmittance, ln T ∝ −2L/ξ, the computed values of R are plotted versus L/ξ as line-connected diamonds in Fig. 1 . The numerical data agree well with the experimental data and the analytical result for R. Note that, in contrast to the microwave measurements, our numerical model is restricted to two dimensions and describes scalar rather than vector waves. Still, the crossover for R which we obtain in this way closely follows the analytical prediction. We also emphasize that our numerical simulations of the dissipation-free model system fully confirm the convergence R → 4 in the deeply localized limit.
Statistics of the single-channel regime. The fact that in the deeply localized limit transport is mediated by a single transmission eigenchannel has remarkable consequences for the statistical properties of the single-channel regime. The key insight in this respect is that transmission through a single channel can be mapped onto a strictly 1D system where only one transmission channel exists by default. Such a mapping allows us to predict for the single-channel regime the statistical properties which are already known for 1D systems [25, 34, 35] . Consider, e.g., the probability density distributions P (s a ) and P (s ab ) in the single-channel regime (equation (3) in Methods), which are entirely determined through P (T ) -a distribution which is known analytically in 1D for arbitrary sample length L [12, 34, 35] . To perform this mapping to 1D, it is tempting to choose the effective 1D system such that it has the same system length L and localization length ξ as in our quasi-1D localized systems. However, for increasing system length L, the quasi-1D systems first go through a diffusive regime (with an Ohmic reduction of the transmission) before localization sets in [36] . By contrast, in true 1D systems such a diffusive regime is entirely absent: only a single channel participates in transport even in samples of vanishing length. Consequently, one would obtain a different value of the average transmission and thus different statistics of transport in 1D as compared to quasi-1D. Although the mapping between these two situations can only be performed in the localized regime, the presence of a diffusive regime in quasi-1D gives rise to a renormalization of the localization length in 1D. The corresponding effective localization length ξ is chosen such that the transmission in 1D is the same as in quasi-1D, ξ = −2L/ ln T , for a given L, which yields a larger ξ as compared with the true localization length ξ. Note that ξ is L−dependent and approaches ξ for increasing system length L → ∞ (see the inset of Fig. 2, a) . To explicitly test the above renormalization, we compare both our numerical and experimental results to predictions for the probability density of transmission in 1D from Ref. [37] ,
where C is a normalization constant. From this formula we derived an expression for P (s ab ) and P (s) (see methods, Eq. (4)). Employing here the renormalized localization length ξ from above, we find excellent agreement between the predictions and our numerical results for the planar system of L/ξ = 5.25 (see Fig. 2, a) , notably without any free parameters. In a situation where measuring the absolute transmission is a challenge (as in our experimental setup), ξ can be found by fitting the transmission distributions from equation (4) (e.g., the probability density P (ln s ab )) to the data, as in Fig. 2 , b for the quasi-1D system of L/ξ = 2.52. We remark that the discrepancy in Fig. 2 , b, between the predicted and the experimental distributions (see the tails of the curves), is due to subdominant transmission eigenchannels and/or a low signal-to-noise ratio. Our successful mapping onto an effective 1D system allows us to reinterpret a disordered system in the single-channel regime as a 1D
system diffusively coupled to its surroundings. Since the coupling extends to all the external free-propagating modes, the localization length ξ becomes renormalized, ξ > ξ.
Relationship between the eigenchannels and internal modes. While the above results provide unique statistical signatures for the single-channel regime, we now address the question how these transmission channels are formed on a system-specific level. To answer this question, we turn to our numerical simulations for transmission through a disordered planar waveguide of length L = 5W (corresponding to L = 3.29ξ). A typical spectrum of the transmittance T , obtained in a frequency interval of this localized regime, features sharp peaks (see Fig. 3 , a) resulting from resonant transmission through localized photonic states in the medium. At all frequencies within this range, the transmittance is dominated by the first (largest) transmission eigenvalue τ 1 . We verify this explicitly by diagonalizing the Hermitian matrix tt † and finding that the second largest transmission eigenvalue τ 2 fulfills τ 2 < 0.01 throughout the entire frequency interval of Fig. 3 , a. In the next step, we examine how these single-channel transmission resonances correspond to specific internal modes inside the disordered region. We consider the same discretized version of the Helmholtz equation as for the scattering problem, but solve for internal modes of the disordered region. We impose constant-flux outgoing boundary conditions [38] at those positions where, in the scattering problem, the external leads are attached. These outgoing boundary conditions make the corresponding eigenvalue problem non-Hermitian, yielding complex eigenfrequencies ν m that correspond to those of quasi-bound resonances. Following Breit-Wigner theory, the real part of these eigenfrequencies corresponds to the resonance positions k m , k m = Re ν m , while the imaginary part is associated with leaking radiation out of the system, i.e., with the resonance widths, Γ m = −2Im ν m . To verify this correspondence explicitly, we reproduce the transmittance T (ν) in the entire frequency interval of Fig. 3 , a with a sum of Lorentzian curves,
where k m and Γ m are determined from the complex eigenfrequencies ν m , and only the complex amplitudes C m are fit parameters. The excellent agreement between T (ν) and the fit (red and black curve, respectively, in Fig. 3, a) demonstrates that the position and width of each resonant peak in T (ν) are, indeed, directly determined by the real and imaginary parts of a single individual mode or a well-defined superposition of very few internal modes.
Since, in the single-channel regime, each transmission peak is associated with a transmission eigenchannel, we arrive at the conclusion that each transmission eigenchannel is in turn supported by a unique localized mode or a combination of a few spectrally overlapping modes (marked b and c in Fig. 3 , a, respectively).
The above correspondence has far-reaching consequences, e.g., in terms of the wave functions (i.e., the spatial field profiles) associated with internal modes and transmission eigenchannels. In particular, the scattering wave functions associated with their respective transmission eigenchannels should correspond to the same linear superposition of internal modes as determined above through the transmittance T (ν). To test this explicitly, we created a corresponding superposition of internal mode wave functions using the expansion coefficients C m of equation (3) extracted from the fit to T (ν) and compared this superposition state to the wave function of the transmission eigenchannel (see plots in Fig. 3, b, c) . The eigenchannel wave functions are obtained by projecting the numerically calculated Greens function inside the disordered region onto the external mode configuration of the transmission eigenchannel determined already earlier (see [32, 33] ). In the case where a transmission eigenchannel is supported by a single internal mode (b in Fig. 3, a) , we find that the wave function of the mode very well matches that of the scattering state associated with τ 1 at the resonance frequency (see Fig. 3, b) . Small deviations between the wave functions, visible primarily close to the left boundary of the disordered sample, can be attributed to the fact that the modes feature purely outgoing boundary conditions, whereas the transmission eigenchannels additionally contain the incoming flux from the left lead. The insensitivity of the wave functions deep inside the disordered region with respect to such a change in the boundary condition is, in turn, a hallmark of Anderson localization [21] . In the case of two spectrally overlapping modes (c in Fig. 3, a) , we compare the scattering state associated with τ 1 to the two-mode superposition wave function determined by the expansion coefficients C m which were fitted to T (ν) as outlined in the previous paragraph. We again find very good agreement between the scattering state and this two-mode superposition (see Fig. 3, c) . Note that the two spectrally overlapping modes feature a high degree of spatial correlation with each other due to mode hybridization [39, 40] (see Fig. 3 , c), allowing us to identify these overlapping modes as a necklace state [24, 25] . We thus conclude that multiple spectrally-overlapping modes form a single transmission eigenchannel by merging into a mode necklace.
Dynamics of the single-channel regime. We finally consider the dynamics of the singlechannel regime following a pulsed excitation of a random sample. Since in the single-channel regime the transmission eigenchannel is formed by a localized mode or a necklace state, the eigenchannel bandwidth is equal to the resonance width. Consequently, a pulse of incident radiation with a bandwidth less than the resonance separation will transmit only through a single eigenchannel. By contrast, a pulse of a bandwidth which envelops more than one resonance will transmit through multiple eigenchannels, resulting in modal dispersion and non-exponential decay of the pulsed transmission [41] . To chart the crossover to the singlechannel regime in the time domain, we again employ the statistical ratio R, evaluated now at different time delays t. To accomplish this, the temporal response t ab (t) to a Gaussian pulse is obtained by taking the Fourier transform of the field spectrum multiplied by a Gaussian envelope of width σ. The computed transmitted intensity, T ab (t) ≡ |t ab | 2 , then yields T ab (t) and R(t), using the same methods as for the steady state. Consider first R(t) for the case when the pulse bandwidth σ lies between the average resonance width δν and the average resonance separation ∆ν = δν/δ, as realized, e.g., for a quasi-1D system of L/ξ = 2.9 (Sample D), and σ = 5δν = 0.5∆ν (see red line in Fig. 4, a) . As in the steady state, the single-channel regime occurs in the time domain, when R = 4. Comparing with the corresponding average transmission T ab (t) (red line in Fig. 4, b) , we observe that the single-channel regime sets in following the arrival of the intensity peak, in agreement with the expectation that the incident pulse with σ < ∆ν is typically transmitted through a single Fig. 2, a. ) This is confirmed by the results shown in Fig. 4 , c where we see that for σ = 2.3∆ν, the ratio R(t) (see the green line) starts out with R ≈ 4 at the arrival time of the peak intensity, and decreases at later times.
This value of R ≈ 4 at short times suggests that transmission is dominated here by a single transmission eigenchannel formed by a necklace state. As, however, these necklace states are rapidly decaying through the sample boundary, transmission of the incident pulse becomes increasingly dominated by long-lived localized modes supporting multiple eigenchannels (as indicated by R(t) < 4 at intermediate time delays). Finally, in the limit of still longer time delays, we return to the single-channel regime where the most localized mode dominates (as indicated by the final increase of R(t) towards R = 4). To corroborate these arguments, we investigate the same system with a broader Gaussian pulse of width σ = 9.2∆ν (see the brown line in Fig. 4, c) . Since this pulse excites typically more than one necklace-state resonance, the value of R at the peak arrival time drops accordingly (down to 3.5), reflecting the increase in the number of effective transmission eigenchannels.
In summary, our experimental and numerical results disclose an intimate relation between the transmission eigenchannels and spectral modes of disordered systems. We have shown that in deeply localized systems, transmission is governed by a single transmission eigenchannel which is formed by an individual localized mode or by a necklace state. These two types of modes represent slow and fast transmission eigenchannels, which can be probed with a pulsed excitation of a judiciously chosen bandwidth at long and short time delays, respectively. The single-channel regime has unique statistical properties (as, e.g., a frozen speckle pattern), which can be utilized to chart the crossover to single-channel transport in both the steady state and in the time domain. Finally, we have demonstrated that in the single-channel regime a quasi-1D localized system can be mapped onto an effective 1D system with a renormalized localization length, coupled to its surroundings via all available external modes. These results are fundamental to understanding the static and dynamic behavior of waves in random media and can be useful in transmitting energy and information through strongly-scattering complex systems. frequency. In the measurement, linearly-polarized microwave radiation was launched and received by conical horns placed 20 cm in front of and behind the sample. Microwave field spectra were taken by using a vector network analyzer for 2 sets of polarizations of the trans-mitter and receiver antennas, e a ⊥ e b and e a ⊥ e b , obtained by rotating simultaneously both the antennas by 90 0 . The polarization-selective transmission spectra were used in the data analysis to compute the experimental ratio R. Once the field spectra were taken, a new sample realization was created by rotating the sample tube about its axis.
Methods
Numerical simulations. In our numerical simulations, we utilized a planar disordered waveguide of width W and length L attached on the left and right to two clean semi-infinite leads. We modeled the disorder by randomly placing nonabsorbing dielectric scatterers of diameter 0.041W and refractive index 3.14 into the middle portion of the waveguide at a filling fraction of 0.125, keeping a minimum distance of 0.0205W between the scatterers. For the time domain calculations, as well as for the probability distributions of T and s ab , we calculated transmission spectra for 100 random disorder configurations at a sample length of L = 5W = 3.29ξ. For each disorder realization the transmission was evaluated in a frequency window with altogether 2397 frequency points. A small portion of such a spectrum is shown in Fig. 3 , a.
Calculation of R. To obtain the experimental ratio R = s [44, 48] , and thus the perturbative result for R is R ≈ 2 + 4L/3ξ
(shown by the black dotted line in Fig. 1 ).
Probability distributions of the normalized transmittances in the single-channel regime. From the relations between the statistical moments of the normalized transmittances, s n ab = n! s n a = (n!) 2 s n , and using corresponding moment generating functions [29] , we obtained the following relations between their probability density functions,
where K 0 (x) is a modified Bessel function of the second kind. for small t). For all cases, the average pulsed transmission, T ab (t) , is shown in b (experiment) and d (numerics). The experimental transmission curves were normalized to have a peak of unity and the curve for the localized system was displaced by a decade for clarity of presentation.
